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a b s t r a c t
A tessellation is taken to be an infinite, 1-ended, 3-connected, locally finite, and locally
cofinite plane map. When such a tessellation is the induced graph of a tiling of the
hyperbolic plane, it is known that the asymptotic growth of the tessellation is exponential.
We address an unpublished conjecture of Watkins, that growth rates of such tessellations
can be made arbitrarily close to 1. Given any real number ξ > 1, we use analytic methods
to construct a tessellation with growth rate ξ .
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
A tessellation is an infinite, one-ended plane map which is also 3-connected, locally finite, and locally cofinite; that is,
each face has finite covalence. The growth of a tessellation is measured from a central face or vertex, called its root; if Fn is
the set of faces in the nth corona of a Bilinski diagram for a tessellation T , then the growth rate of T is defined to be γ (T ) = 1R ,
where 0 < R <∞ is the radius of convergence of the power series
φ(z) =
∞∑
i=0
|Fi| z i.
This extends the definition of growth used by Moran [4], dealing with face-homogeneous tessellations, and by Graves
et al. [2], dealing with edge-homogeneous tessellations.
The edge-symbol of an edge in a tessellation is the 4-tuple 〈p, q; r, s〉 of integers at least 3 where p and q are the
valences of vertices incident with the edge and r and s are the covalences of faces incident with the edge. The tessellation
is edge-homogeneous if every edge has the same edge-symbol. In [3], Grünbaum and Shephard proved that the edge-
symbol of a tessellation uniquely identifies the tessellation up to isomorphism, and that edge-homogeneous tessellations
are edge-transitive.With uniqueness established, Graves et al. [2] determined that the growth rate of an edge-homogeneous
tessellation is dependent solely upon a function of the parameters of the edge-symbol; their result is stated here.
Proposition 1 ([2], Theorem 4.1). Let the function g : {t ∈ Z : t ≥ 4} −→ [1,∞) be given by
g(t) = 1
2
(
t − 2+
√
(t − 2)2 − 4
)
.
Let T be an edge-homogeneous tessellation with edge symbol 〈p, q; r, s〉, and let
t =
(
p+ q
2
− 2
)(
r + s
2
− 2
)
.
Then exactly one of the following holds:
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1. the growth rate of T is γ (T ) = g(t);
2. the edge-symbol of T or its planar dual is 〈p, 3; 4, 4〉 with p ≥ 6, and the growth rate of T is γ (T ) = g(t − 1).
Since this g is an increasing function in t and t ≥ 5 when T is a tessellation of the hyperbolic plane, the least rate of
exponential growth for an edge-homogeneous tessellation is g(5) = 12 (3 +
√
5), as tessellations of the Euclidean plane
have quadratic growth. This led to an unpublished conjecture by Mark Watkins (developed in the author’s dissertation [1])
that relaxing the hypotheses to face-homogeneous tessellations would give a least rate of growth closer to 1. Watkins
also conjectured that total removal of the constraints of homogeneity and symmetry would allow the construction of a
tessellation T with growth rate γ (T ) satisfying 1 < γ (T ) < 1 + ε for arbitrarily ε > 0. The main result of this paper is a
stronger result, providing a construction for a tessellation T with γ (T ) = ξ for any ξ > 1.
2. Preliminaries
Definition 2. Let T be a tessellation of the plane. A Bilinski diagram for T is a labeling of T which proceeds inductively as
follows:
• Let T0 be a submap of T induced by a single vertex or a single face of T .
• Let U0 be the vertex set of T0 and F0 the face set of T0.
• For all n ≥ 1, let Fn be the set of faces incident with a vertex of Un−1 not included in Fn−1.
• For all n ≥ 1, let Un be the set of vertices incident with faces in Fn not included in Un−1.
The induced subgraph 〈Fn〉 is the nth corona.
The structure of a Bilinski diagrammakes itmore convenient to consider distance in terms of regional or coronal distance,
rather than minimal path length. Along these lines, Moran [4] defined the growth rate of a tessellation to be
lim
n→∞
τ(n+ 1)
τ (n)
(1)
provided the limit exists, where
τ(n) =
n∑
k=0
|Fk| .
While this is a useful definition, the question of the existence of the limit is vexing, as it leads to a necessary discussion
of balanced versus unbalanced growth. This is avoided by instead making the following definition.
Definition 3. Let T be a tessellation labeled as a Bilinski diagram; then the power series
φ(z) =
∞∑
n=0
|Fn| zn (2)
converges within some radius R about 0. When 0 < R <∞, we define the growth rate of T to be γ (T ) = 1/R.
Notice that
φ(z)
1− z =
∞∑
n=0
τ(n)zn.
If the radius of convergence R of φ(z) is such that 0 < R < 1, we get
lim
n→∞
τ(n+ 1)
τ (n)
= lim sup
n→∞
∣∣∣∣τ(n+ 1)τ (n)
∣∣∣∣ = 1R (3)
by the ratio test for convergence of power series, when the left-hand limit exists.
Proposition 4. Let T1 and T2 be tessellations, and let
∣∣Fi,n∣∣ be the number of faces in the nth corona of a Bilinski diagram of Ti for
i = 1, 2. Suppose that ∣∣F1,n∣∣ ≤ ∣∣F2,n∣∣ for all but finitely many n. Then γ (T1) ≤ γ (T2).
Proof. Let φ1(z) =∑∣∣F1,n∣∣ zn and φ2(z) =∑∣∣F2,n∣∣ zn, and let Ri be the radius of convergence of φi(z) about 0. Then since∣∣F1,n∣∣ ≤ ∣∣F2,n∣∣ for sufficiently large n, and
γ (T1) = 1R1 = lim supn→∞
n
√|F1, n| ≤ lim sup
n→∞
n
√|F2, n| = 1R2 = γ (T2)
for i = 1, 2, we have γ (T1) ≤ γ (T2) as desired. 
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Fig. 1. The face types of [4, 4, 4, 4], with offspring.
In order to prove our main result, we need the following technical lemma.
Lemma 5. Let k, ` ≥ 1 and 0 < ε < 1. Then for all but finitely many n ∈ N,(
`+ k
k+ 1ε
)n
<
⌊
(`+ ε)n⌋ ≤ (`+ ε)n. (4)
Proof. Let k, ` ≥ 1 and 0 < ε < 1. Then
lim
n→∞
(
`+ kk+1ε
)n
(`+ ε)n = 0,
and also
lim
n→∞
(`+ ε)n
b(`+ ε)nc = 1.
Thus
lim
n→∞
(
`+ kk+1ε
)n
b(`+ ε)nc = limn→∞
((
`+ kk+1ε
)n
(`+ ε)n
)(
(`+ ε)n
b(`+ ε)nc
)
= 0,
and the desired result holds. 
The offspring of a face f in the nth corona Fn of a Bilinski diagram for a tessellation T are the faces of Fn+1 which are
incident with a common vertex of f . The descendants of f include the offspring of f and all descendants of offspring of f ,
inductively.
3. Main result
Theorem 6. Let ξ > 1. Then there exists a tessellation T with growth rate γ (T ) = ξ .
Proof. Let T0 be the unique (up to isomorphism) tessellation of the Euclidean plane by squares, labeled as a Bilinski diagram
with F0,n the set of faces in the nth corona. Then within each corona, the faces of T0 are of types f0 and f1 as shown in Fig. 1.
Assuming that the root of the Bilinski diagram for T0 is a 4-valent vertex, we have∣∣F0,n∣∣ = {4(2n− 1) n ≥ 10 n = 0. (5)
We construct a new tessellation T from T0 by dividing certain faces of type f0 in Fn into multiple faces of the same type,
having one common vertex in Un−1 as shown in Fig. 2. These new faces behave exactly as other type f0 faces with respect to
their descendants in subsequent coronas. Let {an} be some arbitrary sequence of nonnegative integers. The number of faces
added in Fn through this process of division is an. The choice of which faces of type f0 will be divided is immaterial, as we
are only concerned with the number of faces inserted and not their locations within the corona.
If we insert such a type f0 face in Fn, that face generates three offspring in Fn+1, five descendants in Fn+2, seven in Fn+3,
and in general 2k+1 descendants in Fn+k for k ≥ 0, barring that any of those descendants are in turn subdivided. This occurs
for every face added, in every successive corona.
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Fig. 2. Faces added to T0 to create T .
Thus when we label our new tessellation T as a Bilinski diagram, we get that the number of faces in a given corona is∣∣F0,n∣∣ plus the necessary odd multiples of inserted faces from previous coronas. Algebraically,
|Fn| =
∣∣F0,n∣∣+ an + 3an−1 + 5an−2 + · · · + (2n− 1)a1
= ∣∣F0,n∣∣+ n∑
k=1
[2(n− k)+ 1]ak. (6)
At this point, we make a conceptual shift. Since we are determining a rate of growth for our constructed tessellation
T , the sequence {an} must be an integer sequence. However, in order to compute the radius of convergence of the power
seriesφ(z) =∑ |Fn| zn, wemust consider some non-integer sequences analytically. Specifically, we now replace the integer
sequence {an} with a sequence {αn} for some fixed α > 1. This allows us to define a function in the form of Eq. (6) with
parameter α as follows:
Φα(n) = 8n− 4+
n∑
k=1
[2(n− k)+ 1]αk
= 8n− 4+ α
(
αn+1 + αn + 2n(1− α)− α − 1)
(α − 1)2
= α
n+2 + αn+1 + 2n(3α2 − 7α + 4)− 5α2 + 7α − 4
(α − 1)2 . (7)
The associated power series
∑
Φα(n)zn converges with radius given by
lim sup
n−→∞
Φα(n+ 1)
Φα(n)
= lim sup
n−→∞
αn+3 + αn+2 + 2n(3α2 − 7α + 4)+ α2 − 7α + 4
αn+2 + αn+1 + 2n(3α2 − 7α + 4)− 5α2 + 7α − 4
= lim sup
n−→∞
(
α · α
n+2 + αn+1 + o(αn+2)
αn+2 + αn+1 + o(αn+2)
)
= α. (8)
Now, let ` ≥ 1 and 0 < ε < 1 such that ξ = `+ ε, and also let k ≥ 1 be arbitrary. Putting
an =
⌊
ξ n
⌋ = ⌊(`+ ε)n⌋ ,
we obtain
Φ
`+ kεk+1 (n) < |Fn| ≤ Φ`+ε(n) (9)
for sufficiently large n, by Lemma 5. Therefore by comparison of the three power series
∑
Φ
`+ kεk+1 (n)z
n,
∑ |Fn| zn, and∑
Φ`+ε(n)zn, we have
1
`+ ε ≤ R ≤
1
`+ kεk+1
(10)
where R is the radius of convergence of the power series
∑
anzn. As 1/R = γ (T ), we have
`+ kε
k+ 1 ≤ γ (T ) ≤ `+ ε (11)
for arbitrary k ≥ 1, and the result holds. 
Unfortunately, the additional faces inserted into each corona via this construction disrupt the homogeneity of the
tessellation; while every face is still 4-covalent, not every vertex has the same valence, so the constructed tessellation is
not homogeneous.
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